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Let G be a simple k-connected graph of order v > 3 with minimum degree 6 and 
independence number a. Fraisse generalized a theorem of Nash-Williams by 
proving that G is hamiltonian if 6 2 max(a + k - 2, (l/(k + l))(v + k(k - 1))). We 
give an alternative proof of this theorem. 0 1991 Academic Press, Inc. 
We use the terminology of Bondy and Murty [4] and consider only 
simple graphs. Our starting point is the following well-known result due to 
Nash-Williams [S]. 
THEOREM 1. Let G be a 2-connected graph of order v with minimum 
degree 6 and independence number a. If 6 2 max{ a, i(v + 2)}, then G is 
hamiltonian. 
A cycle C of a graph G is called a D,-cycle if every component of G - C 
has order less than A. Using a deep result on II,-cycles, Fraisse [7] 
obtained the following generalization of Theorem 1. 
THEOREM 2. Let G be a k-connected graph of order v b 3 with minimum 
degree 6 and independence number ct. If 6 b max{ a + k - 2, (l/(k + 1 ))(v + 
k(k - I))>, then G is hamiltonian. 
The purpose of the present note is to give an independent proof based 
on well-known results on longest cycles. Following Bondy, we say that a 
nontrivial connected graph is m-path-connected if any two of its vertices 
are joined by a path of length at least m; the trivial graph is said to be 
O-path-connected. Bondy proved the following in [ 1 ] (see also [ 21): 
THEOREM 3. Let G be a k-connected graph of order v 2 3 such that the 
degree-sum of any k + 1 independent vertices is at least v + k(k - 1), and let 
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C be a longest cycle in G. Then G - C contains no (k - 1 )-path-connected 
subgraph. 
This result and the following two theorems are used in the proof of 
Theorem 2. 
THEOREM 4 [6]. 
m-path-connected. 
A 2-connected graph with minimum degree at least m is 
THEOREM 5 [3, 51. Let G be a 2-connected graph on at least four 
vertices, and let u, v, and w be vertices of G with u #v. If each vertex in 
V(G)\(u, v, w) has degree at least m, then G contains a (u, v)-path of length 
at least m. 
If H is a subgraph and v a vertex of the graph G, we denote by NH(v) 
the set of all G-neighbors of v belonging to H and by dH(v) the cardinality 
of NH(v). If v belongs to H, then a,(v) denotes the maximum cardinality 
of an independent vertex set in H containing v. 
PROOF OF THEOREM 2 
Suppose that G satisfies the hypothesis of the theorem but is not 
hamiltonian. Let C = c1 c2, . . . . c,cl be a longest cycle in G, and let H be a 
component of G - C and v a vertex of H. Consider the set 
s := k+ 1 I C,E KM}, 
where the indices of the c’s are to be understood modulo r. 
Since C is a longest cycle in G, the set S u (x} is independent in G for 
any vertex x of H, hence a 2 a,(v) + d,(v). On the other hand, a + k - 2 < 
6 < d,(v) + dN( v) by hypothesis. Therefore, 
which implies 




We now show that H contains a (k - 1 )-path-connected subgraph. 
If k < 2, this is obvious by (2), and so we may assume that k >, 3. If H 
is 2-connected, then H itself is (k - l)-path-connected by (2) and 
Theorem 4. Otherwise, let B be a block of H that contains exactly one cut 
vertex w  of H, and let v E V(B)\ (w ). S ince v is not adjacent to any vertex 
of H - B, we have a,(v) 2 2, hence 
d*(v) b k (3) 
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by (1 ), and consequently v(B) > k + 1. Because k > 3, the block B contains 
at least four vertices. Using (3) and Theorem 5, we infer that B is a k-path- 
connected subgraph of H. By hypothesis, the degree-sum of any k + 1 
vertices is at least v + k(k - 1); thus we have arrived at a contradiction to 
Theorem 3. 
REFERENCES 
1. J. A. BONDY, Longest paths and cycles in graphs of high degree, University of Waterloo 
Preprint CORR 80-76. 
2. J. A. BONDY, Integrity in graph theory, in “Proceedings, Fourth International Graph 
Theory Conference, Kalamazoo, 198 1.” 
3. J. A. BONDY AND B. JACKSON, Long paths between specified vertices of a block, Ann. 
Discrete Math. 27 (1985), 185-200. 
4. J. A. BONDY AND U. S. R. MURTY, “Graph Theory with Applications,” Macmillan/ 
Elsevier, London/New York, 1976. 
5. H. ENOMOTO, Long paths and large cycles in finite graphs, J. Graph Theory 8 (1984) 
287-301. 
6. 0. ERD& AND T. GALLAI, On maximal paths and circuits of graphs, Acta Math. Acad. Sci. 
Hungar. 10 (1959), 337-356. 
7. P. FRAISSE, DA-cycles and their applications for hamiltonian graphs, Universite de 
Paris-Sud, preprint, 1986. 
8. C. ST. J. A. NASH-WILLIAMS, Edge-disjoint hamiltonian circuits in graphs with vertices of 
large valency, in “Studies in Pure Mathematics” (L. Mirsky, Ed.), pp. 157-183, Academic 
Press, London, 197 1. 
